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Motivation and Main Goal

Coarse-grained, meso-scale descriptions of the equilibrium structure and
growth dynamics of solid-liquid interfaces, such as the Phase Field/Phase
Field Crystal (PFC) theory, assume that only a few leading density modes
(order parameters) are relevant for interfacial properties. In generic model
systems, the examination of the associated simplified and yet realistic
solid-fluid interface statics and dynamics in comparison with consistent
theoretical frameworks allows to test the limits of applicability of such a
strong hypothesis.
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Within the priority program, collaborations have
been established with the groups working on
heterogeneous crystallization (Düsseldorf, Mainz)
[1, 2], density functional theory (Düsseldorf)[1] and
phase field nucleation (Karlsruhe)[3] and proven by
common publications.
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Density Functional Theory of Liquid-Solid (LS) interfaces [1, 3]

I Hard-spheres LS density
distributions and surface tensions
using DFT (Fundamental Measure
Theory) .

I Five different orientations:
matching simulation results.

I Useful expansion in density modes
derived [4].

I Leading mode: Comparison with
simulated profiles parametrized by
dfferent time-averaging windows
(units of self-diffusion time).

γ[100] γ[110] γ[111]
DFT 0.69 0.67 0.64 [1]

Cap. Waves 0.64 0.62 0.61 Song (2005)
0.57 0.56 0.55 Laird (2006)
0.63 0.61 0.60 [1]
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FIG. 1: (Color online) In the left panel, the surface orientations, as
listed in Table I, are indicated on an octant of the unit sphere. The
right panel shows a Wulff plot of the corresponding interfacial ten-
sion γ(n̂); here, the colors display the value of the tension for a given
orientation.

tensions. The crystal-fluid phase transition occurs at a coex-
istence chemical potential µc/kBT = 16.3787 and a coexis-
tence pressure pcσ

3/kBT = 11.8676. The coexistence pack-
ing fractions of the fluid and solid are respectively φf = 0.495
and φs = 0.544, in close agreement with the aforementioned
computer simulation data [19].
At the prescribed coexistence chemical potential µc, the

grand free energy functional is numerically minimized inside
a rectangular cuboid box of lengths Lx, Ly , and Lz with pe-
riodic boundary conditions in all three directions [7]. The
surface normal is pointing along the z-direction and the box
length Lz is chosen large enough (about 50−60σ) to ensure a
large part of bulk crystal and fluid phase at coexistence which
are separated by two interfaces. The lateral dimensions Lx

and Ly of the box depend on the surface orientation relative
to the fcc crystal. They are determined by the minimal size
of a periodic rectangular cross section which accomodates the
prescribed relative orientation. The density field is resolved
on a fine rectangular grid in real space with a spacing of about
0.02σ. Starting from an initial profile which contains the
two bulk parts of pre-minimized crystal and fluid, the density
functional is minimized using a Picard iteration scheme com-
bined with a direct inversion in the iterative subspacemethod
[24, 25] and a simulated annealing technique [7]. Finite size
effects due to the finite grid size were excluded by also us-
ing smaller grid spacings to ensure free minimization of the
density functional in practice.
Results for the minimized density profiles are dis-

played in Fig. 2 for five different orientations. Both
the laterally integrated (z-resolved) density field ρ̄(z) =

1
LxLy

! Lx

0

! Ly

0
ρ(x, y, z)dydx and contour plots, ρ(x =

0, y, z), are shown.
The DFT results for the interfacial tension are summarized

in Table I for five different orientations. With a slight orien-
tational dependence, all the values vary around 0.66 kBT/σ2.
The errors given in Table I are estimated from several inde-
pendent minimization runs. Since the anisotropy is weak, the
orientational resolved interfacial tension can be well-fitted by

FIG. 2: (Color online) DFT results: a) Laterally integrated density
profiles ρ̄(z) for the five surface orientations, as indicated; b) contour
plots at x = 0. The periodic length of the total profiles in z-direction
is 50.15σ (001), 53.19σ (011), 65.15σ (111), 56.07σ (012), and
61.42σ (112).

the cubic harmonic expansion [26, 27]
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four fit parameters γ0, ϵ1, ϵ2, ϵ3. The expansion (2) can be
used to obtain the interfacial stiffness (1) from the DFT data
of the anisotropic interfacial tension [19, 27]. The resulting
anisotropy of the stiffness is considerably larger than the one
of the tension (thus, the resulting errors of γ̄αβ(n̂) are also
larger). For the five different orientations considered in this
work, the resulting data for the interfacial stiffness and for the
fit parameters are listed in Table I.
In the Monte Carlo (MC) simulations, similar to the pro-

cedure in [12, 19], inhomogeneous hard-sphere systems at
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FIG. 8. (Color online) Leading modes extracted from simulated, laterally averaged density profiles in comparison with FMT results. (a)
Average density mode p00(z), (b) real part of p22(z) [(K)22 = (0,0,2)], (c) real part of p62(z) [(K)22 = (0,0,4)], and (d) imaginary part of p22(z).

energy, hence the system diffuses freely. When taking the
time average, we have made no attempt to correct for this
motion, as it was negligibly small on the time scale of Tav.
Furthermore we have not corrected for the zero mode of the
capillary waves at the interfaces. The zero mode corresponds
to a shift !z of the average interfacial position, which is caused
by fluctuations in the overall amount of crystalline material.
For an infinite system, this zero mode would not incur a
free energy penalty either. For a finite system adsorption or
desorption of crystalline layers results in a density change in
the surrounding liquid reservoir. This is associated with a free
energy cost, which we estimate in quadratic approximation to
be

!F = 2LxLy

Lz

(ρcr − ρfl)2µ′
fl(ρfl) (!z)2 , (43)

where µ′
fl(ρ) is the density derivative of the fluid chemical

potential. For our system the broadening of the interface due
to the zero mode contribution is rather small, ⟨(!z)2⟩ < 1 σ 2.

Besides the zero mode, there are also capillary waves
with a finite wavelength. It is impossible to disentangle the
contribution of capillary interfacial broadening from the width
of a hypothetical “intrinsic” density profile which one would
like to relate to the profile from density functional theory.
However, by studying density averages for different time
intervals, we will obtain some qualitative insight regarding the
contribution that capillary waves make to the density modes.

In Fig. 8 we show the mode profiles extracted from the
simulation data for averaging times of 1, 5, and 50 self-
diffusion times τ as well as the FMT counterparts. (We give Tav
in units of the characteristic self-diffusion time, which it takes
a particle in the coexisting liquid to diffuse over a distance
of σ .) The width of the average density [Fig. 8(a)] compares
well with the FMT profile for Tav = 1 and 5 but shows a
significant broadening for Tav = 50. This we largely ascribe
to finite-wavelength capillary waves which are sampled better
at longer times. The broadening effect on the mode width is
less pronounced for the crystallinity modes [Fig. 8(b)–(d)]. A
strong effect of the sampling time is visible on the plateau value
in the crystalline part of the real parts of mode p22 [Fig. 8(b)]
and of mode p62 [Fig. 8(c)]. This reflects the broadening of
the lattice site density peaks due to diffusion of the crystal
as a whole. Apart from that the behavior of the modes in the
interface region z/a = 7, . . . ,11 compares very well with the
FMT results. In particular the good agreement for the imagi-
nary part of p22 signifies that the wavelength shift of the density
oscillations across the interface is captured correctly by FMT.

IV. SUMMARY AND CONCLUSION

We have studied the crystal-liquid interface in the hard-
sphere system by means of theoretical description on three
approximative levels, all of which are based on classical
density functional theory (DFT):
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Heterogeneous Nucleation on Structured Substrates [5, 6]
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brought in contact with a triangular substrate for varying
overcompression and lattice distortion. To our knowledge
there is no systematic study on the effect that distortion of an
infinite substrate lattice has on the crystallization mechanism
and rate of hard spheres.

We would like to close this brief overview by pointing
out that there are other useful model systems for crystal nu-
cleation, as for example complex plasmas. In contrast to col-
loidal systems microscopic dynamics in complex plasmas are
almost undamped,17 hence they offer a complementary exper-
imental approach to the topic.

II. SETUP OF THE SYSTEM
AND SIMULATION DETAILS

The simulations were carried out by means of an event
driven molecular dynamics (MD) program for fixed particle
number, volume, and energy (for details on event driven MD
see Refs. 18–21). We simulated N = 216 000 hard spheres
of diameter σ in contact with a substrate of triangular sym-
metry formed by N = 4200 spheres of the same diameter σ .
The substrate particles were immobile (i.e., they had infinite
mass). The simulation box had periodic boundaries in x and y
directions. The substrate layers were fixed at z = ±Lz

2 for Lz

= 30σ . . . 50σ , depending on the overcompression. The initial
velocities were drawn from a Gaussian distribution and the
initial mean kinetic energy per particle was set to 3 kBT.

To monitor crystallinity, we used the local q6q6-bond-
order parameter,22, 23 which is defined as follows: For each
particle i with n(i) neighbors, the local bond-orientational
structure is characterized by

q̄6m(i) := 1
n(i)

n(i)!

j=1

Y6m(r⃗ij ),

where Y6m(r⃗ij ) are the spherical harmonics with l = 6. r⃗ij is
the displacement between particle i and its neighbor j in a
given coordinate frame. A vector q⃗6(i) is assigned to each
particle, the elements m = −6. . . 6 of which are defined as

q6m(i) := q̄6m(i)
"#6

m=−6 |q̄6m(i)|
$1/2 . (1)

We counted particles as neighbors if their distance satisfied
|r⃗ij | < 1.4σ . Two neighboring particles i and j were regarded
as “bonded” within a crystalline region if q⃗6(i) · q⃗6(j ) > 0.7.
We define nb(i) as the number of “bonded” neighbors of the
ith particle. (In the online version we use the following color-
coding for the snapshots: if a particle has nb > 10, i.e., an
almost perfectly hexagonally ordered surrounding, it is color-
coded green, if nb > 5 it is color-coded brown.)

We studied various densities between particle number
density ρ := Nσ 3/V = 1.005 (which corresponds to a volume
fraction η = 0.5262) and ρ = Nσ 3/V = 1.02 (η = 0.5341). At
these densities the chemical potential difference per particle
between the metastable fluid and the stable crystalline state is
between $µ ≃ −0.5 kBT and $µ ≃ −0.54 kBT. The overcom-
pressed fluid configurations did not show pre-existing crys-
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FIG. 1. Representation of all combinations of density ρ and substrate lattice
constant a studied in this work. The limit of stability of the homogeneous
bulk crystal is indicated by the solid line (green online). At substrate lat-
tice constants smaller than this value (squares), we find complete wetting of
the substrate and instantaneous film growth. Systems with a larger substrate
lattice constant (circles) exhibit incomplete wetting and heterogeneous nu-
cleation up to a ≤ 1.5σ . Above this stretching, no heterogeneous nucleation
event was observed on the scale of the simulation time.

tallites that might have been created during the preparation
process.

Figure 1 shows the densities ρ and substrate lattice con-
stants a (of the fcc-(111) plane) for which we carried out sim-
ulations. The lattice constant indicated by the solid line (green
online) corresponds to the bulk crystal at the spinodal, i.e.,
at the density at which the crystal ceases to be metastable
with respect to the liquid. We obtained this density by sim-
ulation as well as from density functional theory (DFT).24

The corresponding lattice constant is asp = 1.15σ (DFT), re-
spectively, asp = 1.14σ (simulation). One result of our study
is that this line separates the parameter space into regions
of different crystallization mechanisms. For a < asp, we ob-
served the instantaneous formation of a film, which then grew
with time. For a > asp, the system crystallized via heteroge-
neous nucleation. The transition between the two mechanisms
seems to be continuous. For a ≥ 1.5σ , no heterogeneous nu-
cleation event was observed on the scale of the simulation
time.

III. COMPLETE WETTING OF THE SUBSTRATE

For all compressed substrates (a < asp) we observed
the formation and growth of a crystalline film. Typical snap-
shots are presented in Figure 2. (Here, we chose a system at
a = 1.1σ , close to asp, and a bulk density of ρ = 1.01.) The
time scale of the MD simulation is expressed in multiples of
τ = σ 2/6D, with D being the long-time self-diffusion coeffi-
cient in the bulk fluid obtained in the same MD simulations. In
the regime of densities analyzed, the diffusion constant varies
by only 5%.)

In order to analyze the crystalline layers quantitatively,
we computed the two-dimensional (2D) bond-order parame-
ter ψ6 for planes perpendicular to the z direction (ψ6 is the
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I Crystallization in suspensions of hard spheres on substrate (fcc [111])
I Crossover between a regime of instantaneous film growth at small substrate

lattice spacing (high substrate densities) and a nucleation regime with long
induction times at large spacings (low substrate density).

I Transition (see fig.(a)) conjectured to occur when the substrate packing
fraction is close to the bulk spinodal instability.

I We extended the analysis to particles with repulsive and tunable attractive
interactions (of Lennard-Jones type)

I The transition is noticeably more blurred.
I The substrate is wet by a crystalline film even for highly incommensurate

lattice spacings (fig.(b,c)).

Planar Growth of Lennard-Jones Crystals on Template [7]

t*=30
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t*=150

I Non-equilibrium growth of a crystal-fluid interface has been studied for a
model system of Lennard-Jones particles under isothermal-isochoric
Langevin dynamics in contact with a cristalline substrate.

I 106 particles and lateral sections of L × L = 80 × 80 squared unit cells
I Time-dependent width w and heigh-height correlation function h(x,y).
I With concepts from Capillary Wave Theory (CWT), we extract a “non

equilibrium steady-state stiffness” γ̃, consistent with equilibrium results.
I Such stiffness can reproduce the long range part of the heigh-height

correlation function modeled by h2(q) = kbT/(γ̃(q2 + 4π2/l2)).

t*=0
10
20
30
40
50
60

w2 (
L)

5

10

log L
3.5 4.0 4.5 5.0

γ

0.3

0.4

t*
0 20 40 60

t=10
30
50
70

1/q2

〈
|h

(q
)|2 〉

10−6

10−4

10−2

q
0.1 1

Publications in last funding period
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The Faculty of Medicine at the Eberhard Karls Universität Tübingen and the Institute of 
Medical Virology and Epidemiology of Viral Diseases offer the positon of a 

Professor (W2) for Molecular Virology of Human Infectious Diseases  

to be filled as soon as possible. 

According to § 50 (2) No. 5 Landeshochschulgesetz Baden-Württemberg the professorship 
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„German Centre for Infection Research“ (DZIF) and „German Cancer Research Centre“ 
(DKTK)“. Teaching at the Faculty of Medicine in the fields of human medicine, molecular 
medicine and medical technology is expected, particularly in the graduate programs of the 
university. 

Requirements for appointment are a university degree either in human medicine or in life 
sciences, broad experience in molecular virology, a record of excellent research activities 
equivalent to the German Habilitation and documented teaching skills. 

Tübingen University is particularly interested in applications from female candidates for this 
position and therefore strongly urges women to apply. 

Applications from disabled candidates will be given preference if the qualifications of these 
candidates are identical to those of a non-disabled candidate. 

Applications including Curriculum Vitae, copies of relevant documents, a structured list of 
publications, listing of grants and teaching experience, results of teaching evaluations, a list 
of research collaborations, concepts for future research (not more than 3 pages) should be 
submitted twofold until March 14, 2013 to the 

Dean of the Faculty of Medicine 
Eberhard Karls Universität Tübingen 
Professor Dr. med. Ingo B. Autenrieth 
Geissweg 5 
72076 Tübingen, Germany 

Please submit only copies of the relevant documents as applications can not be returned 
but are destroyed in conformity with data protection rules. 

Please also complete the application questionnaire that can be downloaded under   
http://www.medizin.uni-tuebingen.de/Mitarbeiter/Karriere/Job+finden+_+Bewerben/ 
Jobangebote/Berufungen.html 
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